Operator semi-selfdecomposable measures and 
related nested subclasses of measures on vector 

spaces 

C. R. E. Raja 

Abstract 

T-semi-selfdecomposability, operator selfdecomposability and sub- 
classes L m (b, (Tt)) and L m (b, (Tt)) of measures on complete separable 
metric vector spaces are introduced and basic properties are proved. 
In particular, we show that /i is T-semi-selfdecomposable if and only 
if fi = T(jx)v where v is infinitely divisible and \i is operator selfde- 
composable if and only if fi £ Lo(b, (Tt)) for all < b < 1. 
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1 Introduction 

Let E be a complete separable metric topological vector space. Let V(E) 
be the space of all regular Borel probability measures on E. We endow 
V(E) with the weak topology, a net in V(E) converges weakly to fj, 
if Hi(f) — > fi(f) for all bounded continuous functions on E. Then V(E) 
with convolution is a complete separable metric topological semigroup. For 
fi, A G V(E), fiX denotes the convolution product of \i and A. 

A triangular system {A n j | n > 1, 1 < j < k n } of probability measures 
on E is said to be infinitesimal if 

lim supA ni (£\ U) = 

n—*oc j ' 
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for each open neighborhood U of 0. We say that a triangular system (A nj ) 
converges to A if nj=i — > A. 

A probability measure \i on E is called infinitely divisible if for each n > 1, 
there exists a /i n G such that 

\i n n = fi. 

Let /(-E) be the set of all infinitely divisible measures in ViE). 

A continuous convolution semigroup (c.c.s.), of probability measures 
on £ is a continuous semigroup homomorphism t i— > fj, t from [0, oo) into 
HE). 

A probability measure \i on i? is called embeddable if there exists a c.c.s. 
such that /ii = fi. It is easy to see that embeddable measures are 
infinitely divisible. We will see that the converse is true if E is strongly root 
compact. We recall that E is said to be strongly root compact if for every 
compact set C C E there exists a compact set C C E such that for every 
n G N all finite sequences {x±, X2,---,x n },x n = 0, satisfying the condition 

(C + Xi + C + Xj) n (C + ^ 

for i + j < n, i,j = 1, 2, • • • ,n are contained in Co (see jTHj and jl] for details 
on root compactness). 

Let C(E) be the space of all invertible continuous linear operators on E: it 
may be noted that any T G C{E) has continuous inverse (see 2.11 and 2.12 of 
H3). For T G C(E) and // G V(E), T(ji) is defined by T(n)(B) = n{T~\B)) 
for all Borel subsets B oi E. A linear operator T in £(£") is called contraction 
if T n (x) -> for all x G E. 

We equip £(-E) with strong operator topology, that is, a net (T a ) in £(£') 
converges (in the strong operator topology) to T or T a — > T if T a (a;) — > 
for all x & E. It may be noted that jC(.E') equipped with strong topology 
and V{E) with weak topology, the map £(E) x P(^) -> P(E) defined by 
\?(T, A) = T"(A) is sequentially continuous. 

Definition 1 We say that a \i G ViE) is T- semi- self decomposable for a 
contraction T G if there exists a sequence (i/j) of probability measures 

on E and an increasing sequence N(n) — > oo and a sequence (T n ) from £(£/) 
such that (^n,i) is a infinitesimal triangular system with FJ v n ^x n — > /i where 
= T n (i/j) for 1 < z < N(n), (x n ) is a sequence in E and T n+ iT~ l — ► T. 
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This notion is a natural extension of stable and semi-stable measures. 
The classical situation is studied in ^Uj, for measures on finite-dimensional 
vector spaces this notion was considered in [TT] and ^21 and in j2H| such 
measures on locally compact abelian groups was considered with emphasis 
on totally disconnected groups. 

Definition 2 We call a measure fi G V(E) T '-decomposable for a T G C(E) 
if is a factor of fi, that is, fi = T(fi)v for a v G 'P(-E') (such a z/ is called 
corresponding co-factor) and in addition if T n (/i) — > 5 , fi is called strongly 
T -decomposable. 

The notion of T-decomposable measures on infinite-dimensional cases, 
mainly the Banach space situation was studied in jjj, [2U] and |21j . 

In this article we consider T-semi-selfdecomposable measures and prove 
that a probability measure fi is T-semi-selfdecomposable if and only if fi is 
(strongly) T-decomposable with an unique infinitely divisible co-factor. 

We next introduce subclasses of V(E) and 1(E) and study their basic 
properties that are similar to results in section 2 of [12] (see also [5J and P) 
where the results are proved for measures on finite-dimensional vector spaces. 

A one-parameter subgroup (T t ) of C(E) is a continuous homomorphism 
t I— > T t from (0, oo) into C(E). Let C + be the set of all one-parameter 
subgroups (T t ) such that T t (x) — > as t — > for all x & E. 

Definition 3 Let < b < 1, (T t ) G £+ and H C V(E). A measure ^ G 

T^T") is said to be in the class K(H, b, (T t )) if there exist a sequence of (^i n ) 

in H, a sequence (a n ) of positive numbers and a subsequence (k n ) of integers 

such that a 

— > 6 and Tj_ (/ii/i2 • • • ^k n )x n — > A* 

a n+ i 

for some sequence in i? and in addition if the system {Tj_(/ij) | 1 < i < 
k n } is infinitesimal, we say that fi G K(H, b, (T t )). 

It follows from the definition that K(H,b,(T t )) C K(H,b,(T t )). The 
class K is studied in j2] and the class K is studied in [T2] for measures on 
finite-dimensional vector spaces. 

We now introduce other nested subclasses. 

Definition 4 For < b < 1 and (T t ) G £ + , we define 

L (b, (T t ))=K(V(E),b, (T t )), 
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L m (b, (T t )) = K(L m ^(b, (T t )),b, (T t )), m = 1, 2, • • • , 

and 

Looib, (T t )) = n% =1 L m (b, (T t )). 
Similarly we define L m (b, (Tt)) using K instead of K. 

Definition 5 For (T t ) G C+ and H C V(E), we define 

K(H, [0, 1], (T t )) = n be[0AM0A} K(H, b, (T t )) 

and 

L ([0,l],(T t )) = K(V(E),[0,l),(T t )) 
and we define inductively for 1 < m < oo, 

L m ([0, 1], (T t )) = KiL^dO, 1], (T t )), [0, 1], (T f )), 

L 00 ([o,i] J (r t )) = nL m ([o J i] J (r t )). 

Similarly define L m ([0, 1], (Tt)) using instead of K for all < m < oo. 

Definition 6 A fi G V(E) is called operator selfdecomposable with respect 
to (T t ) G £ + if there exist a sequence (/i n ) in V(E), a sequence (x n ) in E and 
6 n > such that the triangular system {Tj_ (//j) | 1 < z < n} is infinitesimal 
and 

n 

Ti(T\/jtj)x n -> A*- 

The class of operator selfdecomposable measures was studied in (T2I for 
measures on finite-dimensional vector spaces and in [S], [H], j^j, JH] and [22] 
this class was considered for measures on Banach spaces. Here we prove the 
equivalence of operator selfdecomposable measures with other subclasses in 
Definition 

We wish to remark that the operator selfdecomposable measures are also 
known as Levy's measures and the standard definition of such measures given 
by K. Urbanik [22J is different from the one given here. In JH] and [22], the 
authors considered the group of invertible operators with norm topology and 
in particular, the semigroup (T t ) is supposed to have bounded generator. In 
[S] and [5], the authors considered the group (tl) of operators. Thus, when 
E is a Banach space, Theorem [S] (to be proved in Section 4) and the main 
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result in [13] and [22] show that our notion is more general than the one 
given in [13] and [22] provided the measure is not supported on a proper 
hyperplane. We also wish to mention the work of Riddhi Shah ^H] which 
further generalizes the notion of self-decomposability for non- commutative 
groups. 

2 Preliminaries 

We first prove a technical lemma. On complete separable metric groups, it is 
known that point-wise contracting automorphisms are uniformly contracting 
on compact sets (see [JH]). Using an elementary argument we extend the 
result to 

Lemma 1 Let T be a contracting operator in C(E). Suppose T is a relatively 
compact subset ofV(E). Then T n (X) — > 5q uniformly for all A 6 T. 

Proof Let U be a neighborhood of in E and e > 0. Since T is relatively 
compact, there exists a compact set K such that X(E \ K) < e for all A G T. 
By Lemma 1 of |19j . there exists a N such that T n (K) C U for all n > N. 
Now for n > N, T n (X)(E\U) < X(E\K) < e for all A G T. Thus, T n (X) -> S 
uniformly for all A in T. □ 

The proof of the following embeddability result is more or less identical 
to the proofs following W. Boge as in [TH] . 

Proposition 1 Let E be strongly root compact and (jl G V{E). Suppose (/x n ) 
is a sequence in V(E) such that — > fx as k n — >• oo. Then fi is embeddable 
in a c.c.s. (pt). 

The linear dual E* of E is the space of all continuous linear functionals on 
E. The following result may be seen as the generalized central limit theorem 
on E (see Chapter 2 of [T]). 

Theorem 1 Let fi G V(E). Suppose E is strongly root compact and the 
linear dual of E separates points of E. Then the following are equivalent: 

1. there exists an infinitesimal triangular system {// n> j | 1 < % < k n } and 
a sequence (x n ) in E such that \i n ^x n — > fi; 

2. fi is infinitely divisible; 
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3. fi is embeddable in a c.c.s. (fa)- 



Remark 1 Any complete locally convex space with a countable base is a 
complete separable metric space which is strongly root compact (see [THj) 
with separating dual. Also the spaces L p (f2,£,A) for any measure space 
(Q, £, A) and for < p < 1 are complete separable metric spaces with sepa- 
rating dual. It may also be proved using the arguments in [3] that the spaces 
L P (Q, S, A) are strongly root compact but are not locally convex. 

Proof We first show that (1) implies (2) by applying Hungarian semigroup 
theory of Rusza and Szekely (see [IS]). Suppose \i is a limit of an infinitesimal 
triangular system. Since E is a complete separable metric abelian group, 
V(E) is a stable Hungarian semigroup (see [T3]). We now claim that for 
any A ^ 5 X , there exists a map f:F(X) — > [0, oo) such that /(AxA 2 ) = 
/(Ai) + /(A 2 ) if Ai, A 2 , AiA 2 £ F(X) where F(X) is the set of factors of A. Let 
A be a non-degenerate probability measure on E. Then since the linear dual 
of E separates points of E, there exists a continuous linear functional such 
that <p(XX) 6q. Then there exists a real number r such that 



< / exp(ir(J)(x))dXX(x) < 1 

and hence 



< / exp(ir<p(x))dXxXi(x) 
for any A x £ F(A). Let /: F(X) -> [0, oo) be defined by 

/(Ai) = -log( / exp(ir<p(x))dX 1 X 1 {x)) 



for any Ai £ F(X). This shows that V(E) is a stable normable Hungarian 
semigroup. By Theorem 26.9 of ^2] and since any element of E is infinitely 
divisible, /i is infinitely divisible. 

Proposition shows that (2) implies (3). We now prove (3) implies (1). 
Suppose \i is embeddable in a c.c.s. (fit)- Then for n > 1 and 1 < i < n, let 
AV« = A*i- Then fj, n>i = fj, for all n > 1. We also have //i — > 5 - Thus, 
is a limit of an infinitesimal triangular system. 

□ 
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Remark 2 (i) Under the assumptions of Theorem ^ embedding c.c.s. is 
uniquely determined which may be seen as follows: Let (fit) and (X t ) 
be two continuous convolution semigroups such that fix = Ai. Since 
embedding c.c.s. is unique on M, for any / G E*, /(At) = f(fH) for all 
< t < oo and hence At = fit for any < t < oo. 

(ii) Since any point measure 5 X is infinitely divisible, hence limit of an 
infinitesimal triangular array, condition (1) of Theorem^ is equivalent 
to 

(T) there exists an infinitesimal triangular system {fi Ht i | 1 < i < k n } 
such that Y\i AVi A 4 (without shift term). 

3 T-semi-selfdecomposable measures 

In this section we characterize T-semi-selfdecomposable measures on vector 
spaces. We first prove the following: 

Proposition 2 Let fi be a probability measure on a complete separable metric 
vector space E. Let T be a contracting operator in C(E) such that fi = T(fi)u. 
Suppose v is embeddable in a c.c.s (v-t)- Then there exists a sequence (-fi) in 
V(E) and an increasing sequence (N(n)) of integers such that N(n) — > oo 
and the triangular system {T n (^,j) \ 1 < i < N(n),n e N} is infinitesimal 
and converges to fx. 

Proof Since v is embeddable in a c.c.s. (v(t)), let v n = u(-) for all n > 1. 
Let N(n) = n 2 . Then for each n > 1 and 1 < i < N(n) define 

if A^(A; — 1) < i < N(k). The assumuption ft = T(fi)v implies fi = 
T n (fi) YllZlT k (v) for any n > 1. Then 

T"( 7 i---7iv(„)) = r»(n^ 1 n^ (fc _ 1)+l7< ) 
= r«(nLi^v) 

because T n (fi) — > 5 . We now claim that the triangular system (T n 7j) is 
infinitesimal. Let T = {z/(t) | < t < 1}. Then T is relatively compact. 
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Since T is contracting, by Lemma^T n (X) — > 5o uniformly for all A G T. Let 
U be a neighborhood of in E and e > be given. Then there exists a iVo 
such that T n (X)(E \U) < e for all n > N and all A G T. Now for k < [f] 
and n > 2iV"o, we have n — k > Nq and hence 

T n 7i (E\U) = T^VN^N^iEXU) 

< € 

for all n > 2N and all k < [§]. Since (v{t)) is a c.c.s. we have v n — > # . Since 
T is contracting, there exists a neighborhood of such that V C T~ n (U) 
for all > 1. For e > 0, there exists a Mq such that 

i/„(£\V) <e 

for all n > Mq. Since N(n) — jV(t7 — 1) — > oo, there exists a iVi such that 
N(n) - N(n - 1) > M for all n > N x . Now, for n > 2JVk and k > [§] we 
have JV(Jfc) - iV(fc - 1) > M . Then we get that 

VN(k)-N(k-i)(E \ V) < e 

for all fc > [|] and n > 2Ni. This implies that 

t^exu) = r"-^ Ar(fe) _ Ar(it _ 1) (E\c/) 

(E\V) 

< e 

for all A; > [~] and n > 2N\. Thus, T n ^i — > 5o uniformly for all 7$, that is, for 
every neighborhood U of there exists N > such that T n (^i)(E \ U) < e 
for all 77 > N and for all i > 1. Thus, (T n (fj)) is an infinitesimal triangular 
system converging to fi. □ 

We now characterize T-semi-selfdecomposable measures on E (see [TT] . 
[12] and section 3, Theorem 1 of [23]). 

Theorem 2 Le£ E be a complete separable metric vector space which is 
strongly root compact and the linear dual E* of E separates points of E. 
Let ix be a probability measure on E. Let T be a contraction on E. Then the 
following are equivalent: 

1. H is T-semi-selfdecomposable; 
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2. p is (strongly) T- decomposable with an infinitely divisible co-factor. 
In this case, the co-factors are uniquely determined. 

Proof Let 

A n = T n (lJi ■ ■ ■ lS N ( n ))x n , 
Pn = T n (lJi ■ ■ ■ Z^V(„-1))£„-1 

and 

0~ n = r n (z/jV( n _l)+l ■ ■ • VN{n))XnX n -l 

for all n > 1. Since A n — > p, p n — > T(/i) and hence X n = p n o n implies 
that (cr n ) is relatively compact. Thus, for any limit point v of (o" n ), we 
have p = T(fi)v. Since v is the limit of a infinitesimal triangular system, 
by Theorem Q v is also infinitely divisible. Since T is contracting, any 
T-decomposable measure is obviously strongly T-decomposable, hence p is 
strongly T-decomposable. Now for the uniqueness, let v' G V(E) be such 
that fi = T(fi)u'. By Theorem Q P is infinitely divisible, hence T(/x) is 
also infinitely divisible. Now for any / 6 E*, the characteristic function of 
/(T(/i)) does not vanish and hence f(v) = f(v'). Thus, f{v) = f{y') for any 
/ G E*. This implies that v — v' . 

Conversely, suppose p is T-decomposable with an infinitely divisible co- 
factor, say v. Then by Theorem Q v is embeddable in a c.c.s. [v{t)\ Now 
the result follows from Proposition EJ □ 

4 Nested subclasses of V(E) and 1(E) 

In this section we assume that E is a strongly root compact complete sep- 
arable metric vector space and the linear dual of E separates points of E 
and we prove basic properties of the various subclasses defined in the intro- 
duction and their connection with operator selfdecomposable measures. We 
start with the following notions. 

Definition 7 A subset H C V{E) is said to be (T t )-completely closed if H 
is a closed subsemigroup of V(E) and T a /i * S x G H whenever a > 0, x G E 
and p G H. When H C 1(E), we say that H is (T t )-completely closed in the 
strong sense if H is (T t )-completely closed and p in H is embeddable in an 
one-parameter subgroup in H. 
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It is easy to see that 1(E) is (T t )-completely closed in the strong sense. 
We first consider the classes K and K. 

Theorem 3 Let H C V(E) and (T t ) E £+. Then we have the following: 

1. K(H,b,(T t ))cI(E); 

2. Suppose H is (T t ) -completely closed. If p E K(H,b, (T t )) , then \i is 
(strongly) T^-decomposable with a unique co-factor /U& E H H 1(E); 

3. Suppose H is (T t )- completely closed in the strong sense, then the con- 
verse of (2) is also true and K(H,b, (T t )) is also (T t ) -completely closed 
in the strong sense. 

Proof It follows from Theorem □ that K(H,b,(T t )) C 1(E). We next 
observe that if — ► b, then T i (Ti ) _1 — > Ty.. Then statement (2) and 

the first part of statement (3) follow from Theorem El and the second part of 
statement (3) can be easily verified. □ 

In a similar way we may prove 

Theorem 4 Let H C V(E) and (T t ) E C + . Suppose H is (T t )- completely 
closed. Then we have the following. 

1. K(H,b, (T t )) is also (T t ) -completely closed; 

2. fi E K(H, b, (T t )) if and only if // is (strongly) Tj,- decomposable with a 
(not necessarily unique) co-factor /i b E H. 

It follows from Theorem [T] that (L m (b, (T t ))) are decreasing subclasses of 
1(E). We next consider the nested subclasses (L m ) and (L m ). 

Proposition 3 For < m < oo, we have the following: 

1. fi E L m (b, (T t )) if and only if /i is (strongly) T^-decomposable with a 
unique co- factor p E L m _i(b, (T t )) where L_i and L oc _ 1 are understood 
as 1(E) and L^. Also, L m (b, (T t )) is (T t )- completely closed in the 
strong sense; 
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2. p G L m (b, {T t )) if and only if p is (strongly) T b - decomposable with a (not 
necessarily unique) co- factor p m G L m _i(6, (Tt)) where L_i and I/ oc _ 1 
are understood as V(E) and L^. Also, L m (b,(T t )) is (Tt)- completely 
closed. 

Proof It may be easily seen that the first statement follows from Theorem 
Eland since 1(E) is (Ti)-completely closed in the strong sense. 

Now for the second part, since V(E) is completely closed, the second part 
for m — 0, follows from Theorem^) Now the second part follows by induction 
on m for 1 < m < oo. For m = oo, if p G L^b, (Tt)), then for each m < oo, 
there exists a p m G L m (b, (T t )) such that p = T(p)p m . This shows that (p m ) 
is relatively compact. There exists a subsequence (k m ) such that pu m — >■ p. 
This implies that /x = T b (p)p. Also, since L/ m (b, (T t )) C I/ n (6, (T t )) if n < m, 
we get that p G L m (6, (T t )) for all m > 1. Thus, proving the second part. □ 

Note that in view of Proposition EJ for < b < 1 and (T t ) G £ + , 
/i G L (b, (T t )) if and only if p is T fe -semi-selfdecomposable in the sense of 
Definition 1. 

We next state another technical lemma which may be proved using Ap- 
pendix 2 in JTS] arguing as in Lemma ^ 

Lemma 2 Let (T t ) G C + andT be a relatively compact subset ofV(E). Then 
as t — > ; T t (X) — > uniformly for all A G T, that is for given e > and a 
neighborhood U of i/iere exists a s > siic/j i/jai T t (X)(E \ U) < e for all 
t < s and all A G T. 

We now obtain the equivalence between operator selfdecomposable mea- 
sures and other subclasses defined in the introduction (Definition 6). 

Theorem 5 Let (T t ) G £+ and p G V(E). Then the following are equiva- 
lent: 

1. p is operator selfdecomposable with respect to (T t ); 

2. peL Q ([0,l],(T t )); 

3. pEL ([0,l],(T t )). 

Proof It is easy to see that (2) implies (3). We now prove (1) implies (2). 
Suppose p is operator selfdecomposable. If p = d~ x for some x G E, then (1) 
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implies (2). So, we assume p ^ 5 X for any x G E. Let (6 n ) be a sequence 
of positive reals and (p„) be a sequence of probability measures on E such 
that {Tj_(ni) | n > 1, 1 < i < n} is a infinitesimal triangular system and 

Tj_(piP2 ■ ■ • ^n) x n ~^ f 1 f° r some sequence (x n ) in 
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We first claim that b n — > oo and — > 1. Suppose 6„ oo. Then 
there exists a subseqeunce (& m (n)) °f (&n) such that 6 m ( n ) — > 6 < oo. Since 
{Tj_(pi) | n > 1, 1 < i < n} is infinitesimal, Tj_{pi) — > c>o for all z > 1. 

fan fan 

This implies that Ti(pi) = 5q for all i > 1. Since Ti is invertible, /ij = 
Oo for all i > 1. This shows that p itself is a dirac measure which is a 
contradiction. Thus, b n —>■ oo. For any z/ G V(E), let z> G V(E) be defined 
by z^(-B) = v{—B) for any Borel subset S of E. Now let p' = pp and 
p^ = p n p„ for any n > 1. Then Tj_(p[p' 2 ■ ■ • p(J — > p! . Since Tj_(p n ) — > <5 , 

fan fan 

we have T i (p^po • ■ ■ p£J — > /i'. For any n > 1, let p n — Tj_(p[p' 2 • • • p' n ). 
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Then T b n (p„) — > p'. Suppose (r- 2 -) is not bounded, then there exists a 

fan+l n+1 

subsequence kin) such that , fc(n) > oo. Let a n = , fc(n) . Then by Lemma 

121 ^J_(^_fam_(pm)) — ► o"o uniformly for all m > 1. Let [7 be a neighbourhood 

a ™ fa?n+ 1 

of and e > 0. Then there exists a N such that Tj_(T_b 1B ^(p m ))(U) > 1 — e 

a « fam + l 

for all n > N and all m > 1. Now for n > N, Tb k{n)+1 T b k(n) (pk( n )){U) > 

b k(n) b k(n)+l 

1 — e. This implies that Pk( n )(U) > 1 — e for all n > iV, that is, pfc( n ) — > 5 
but p n — > p'. Thus, /i' = 5q and hence p is a dirac measure which is a 
contradiction. Thus, (^y) is bounded. Suppose b is a limit point of (^y)- 
Then since T (p n ) — > /i' and p n — * //, we have T b {p') = p!. If 6 ^ 1, then 

fan + l 

p' = Tfr(p') — > <5 or /i' = T b ~ n (p') — > o~o and therefore p is a dirac measure. 
This is a contradiction and hence 6=1. Thus, r^ 2 > 1. 

7 Dn + l 



Now for any < 6 < 1, there exist sequences (rrik) and (rife) such that 
< n k such that -p^- — > 6. Now for each fc > 1, we have 

TiT b Ti(pi ■ ■ ■ p, m )x mk T 'i (p m + i • ■ ■ p, n )x Uk x — > p 

On,, K bm k bn- 



and hence 

p = T b (p)p 

where p is a limit point of T i (p w +1 • • • p nk )x nk xz} . This shows that p is 
infinitely divisible (by Theorem Q ) . 
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We now prove (3) implies (1). Suppose \i £ L([0, 1], (T t )). Now for each 
n > 1, let a n = Then there exists a /i n G P(-E) such that /i = T an (/i)/i n . 
Let 6 n = \ and z/ n = T n+ i (//„). Then T n+1 (/i) = T n+1 T an (n)u n = T n (fi)u n for 
all n > 1. This implies that 

T bn {v\V 2 ■ ■ • v n )T bn (ii) = T bn {^---v n ) 

= T bn {T 2 {^)v 2 ---v n ) 
= T bn (T n+ M) 

an 

for all n > 1. Since — > 1 and b n — > 0, we get that T& n (^i^2 • • • Vn) ~ > A 4 - 
We now prove that {T& n (z/j) | 1 < j < n, n > 1} is an infinitesimal triangular 
system. Now, for 1 < j < n, T bn (vj) = Tj+i (pj). For 1 < j < y/n, — — > 0. 

Also, Since /i = T an (n)fj, n and a n — > 1, we get that /i n — ► 5 - Thus, by 
Lemma 12 for e > and for a neighborhood U of 0, there exists a Mi such 
that T bn {vj)(E \ U) < e for all n > M x and all j < N o w for all 

1 < j < rz, — < 2. Since {T t (x) | < t < 2} is relatively compact, by 
uniform boundedness principle, {T t | < t < 2} is equicontinuous. Let U be 
any neighborhood of and e > 0. Let V be a neighborhood of such that 
T t (y) C U for all < t < 2. Since fx n — > 5q, there exists a M 2 such that 
Hn(E\V) < e for all n > M 2 . This implies that T t (fi n (E\U)) < fi n (E\V) < e 
for all n > M 2 and for all < t < 2. Thus, for n > M| and y/n < j < n, 
T bn (vj)(E\U) < Tj+i (jij)(E\U) < e. This shows that T bn (vj) — ► <5o uniformly 
for all 1 < j < n, that is {T bn (vj)} is an infinitesimal triangular system. □ 

Remark 3 In the finite-dimensional situation, Theorem El was stated as 
Proposition 2.5 in J2| and the proof was refered to Theorem 2.1 and Corol- 
lary 2.4 of ^7j where the result was proved for the one-parameter group (tl) 
of homothetical operators and to Theorem 3.3.5 of jB] where the result was 
proved for full measures. In view of this the proof of Proposition 2.5 in 
is not correct. Thus, Theorem El corrects the proof of Proposition 2.5 of 
and extends it to any complete separable vector space. 

The following results can be proved as in Theorem 2.2 of ^2J and we omit 
the details. 

Theorem 6 Let E, fi and (T t ) be as in Theorem^ Then for < m < oo, 
1. L m ([0,l],(T t )) = n bem L m (b,(T t )); 
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2. L m ([0, 1], (T t )) = n bem L m (b, (T t )); 

3. L m ([0,l],(T t )) = L m ([0,l],(T t )). 

Acknowledgement I would like to thank the referee for his suggestions in 
improving the text. 
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